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Main points

• Why does constant step-size SGD work so well on neural nets?
• “Gradient Confusion”: measures how aligned the gradients are.
• Low gradient confusion → fast convergence of SGD.
• When is gradient confusion low? Overparameterized models.
• Increasing width of neural net decreases gradient confusion; Increasing

depth increases gradient confusion.

Problem formulation

Consider a function f and n data points in d-dimension, {xi}n
i=1. Let fi(w) :=

f (w, xi). For a given parameter w, the empirical risk F is defined as,

F (w) := 1
n

n󰁛

i=1
fi(w).

We want to minimize the empirical risk: minw∈Rd F (w).

Stochastic Gradient Descent (SGD)

Input: f1, f2, . . . , fn, number of iterations T , learning rate α.
Output: wT .
w0 ← N (0, 1

d);
for k = 1 to T do
f̃k ← Uniform random sample from {fi}n

i=1;
wk+1 = wk − α∇f̃k(wk) ;

end
Simulations on Toy Problem

Linear regression with random Gaussian data (avg. over 3 runs):

Overparameterized model converges linearly, and has on average positive co-
sine similarity between the individual gradients.

Gradient confusion

The set {fi}n
i=1 has gradient confusion η ≥ 0 at w, if:

∀i, j ∈ [n] 〈∇fi(w), ∇fj(w)〉 ≥ −η.

Informal: Low gradient confusion → pair-wise vectors ∇fi and
∇fj do not point in opposite directions.

Low gradient confusion → fast convergence

Consider logistic regression with orthogonal data.
〈∇fi(w), ∇fj(w)〉 = 0.

SGD decouples into GD on each term separately.

Assumptions: {fi} are L-Lipshitz smooth and µ-strongly convex.

Theorem. SGD converges linearly to a neighborhood of the minimizer with
constant step size α as:

F (wk) − F 󰂏 ≤ ρk(F (w0) − F 󰂏) + αη

1 − ρ
,

where step size α ≤ 2/nL and ρ = 1 − 2µ
n

󰀃
α − nLα2

2
󰀄
.

If the objective function satisfies the strengthened bound:
〈∇fi(w), ∇fj(w′)〉 ≥ −η, ∀i, j, w, w′,

SGD converges to the noise floor at a faster rate:
F (wk) − F 󰂏 ≤ ρk(F (w0) − F 󰂏) + αη

1 − ρ
,

where the step-size α ≤ 2/L and ρ = 1 − 2µα/n + µLα2/n.

When is gradient confusion low?

Informal: Random vectors in high dimensions are nearly orthog-
onal. So, over-parameterized linear models are expected to have
low gradient confusion.

Formal results proved for a random data model:
• Random data D = {(xi, C(xi))}n

i=1, for some labeling function C.
• {xi} are drawn iid from surface of a d-dimensional unit sphere.
• fi(w) = 1

2(gw(xi) − C(xi))2, where gw(xi) is over-parameterized.
• C needs to satisfy mild conditions, such as boundedness and bounded first

derivative.

Linear regression bounds

• gw(x) = 〈w, x〉.
• Consider a given dimension d ≥ Ω (log n). Let {W(k)}T

k=1 ∈ [−1, 1]d be the
set of realized weights vectors in a run of SGD. With probability at least
1 − δ, gradient confusion of η holds for a constant η < 1.

Informal: Number of parameters being large enough → low gra-
dient confusion with high-probability.

Neural net bounds

• Depth β and width ℓ neural nets. W0 ∈ [−1/ℓ, 1/ℓ]d×ℓ,
W1, . . . , Wβ ∈ [−1/ℓ, 1/ℓ]ℓ×ℓ and Wβ+1 ∈ [−1/ℓ, 1/ℓ]ℓ×1.

• g(x) := σ(Wβ · σ(Wβ−1 . . . σ(W1 · σ(W0x))).
• σ point-wise non-linearity. Bounded, bounded 1st and 2nd derivatives.

Examples: sigmoid, tanh and softmax (not relu).

Consider a given dimension d. Let {(W(k)
i )β+1

i=0 }T
k=1 be the set of realized weights

vectors in a run of SGD. With probability at least 1 − δ over the randomness in
the data, gradient confusion of η holds for all weights and for a constant η < 5
as long as ℓ

β2 ≥ Ω̃
󰀓

1√
d

󰀔
.

Informal: Increasing width lowers gradient confusion; Increasing
depth increases gradient confusion.

Experiments

SGD on Wide ResNets for image classification on CIFAR-10 with diff. width
and depth. Tuned step-sizes. [width here denotes width factor]


